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where ko g and ko, ; are the real and imaginary parts

of the roots of the equation d(k)=0. Then we translate

the integral, letting k'=k —k,_g. This gives us
8(z—z")A45C,

A4(x—x,; Z—ZI)= - 7B1—Bz)

x exp {i[(4;+ A)(z—2")/2+ako, r]}

« S°° sin [f* 443,07
e (BRI

where a=(x—x")—(B;—B,)(z—z)/2 and f=[(B,—
B)) (z—2)/2] > 0. Next, we make two more obvious
transformations; first let k=k,, ;sinh # and write out
the sine in terms of exponentials. Then, let o sinh ¢+
B cosh t= +(B*—a?)?cosh § where >0 and f>a
and the +(—) goes with the first (second) exponential.
These transformations result in the integral in equation
(A10) becoming

exp (iwk)dk  (Al0)

%Sw sin [[ko,fI(f?—o®)"2 cosh 016
=Jo[|ko,1|(ﬂ2““2)m] .

We note that ko g=(4;—4,)/2 and k,, ;= +24,/Q
where f*—o?= —(f+a) (¢« —f)= —uu,; therefore we
can write equation (A10) as

_ 0(z—2z")VC4A;
Q

Afx—x'; z—2)= exp (ip)Jo($) . (A1)

To compute the diagonal elements of 4, we need the
relations:
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d 0 b7} 0
(5 + B, 3;) = ('a"z‘ +B, W) H=0
and
d 0 0 b
(5 +5 ) =" (57 +B ) =2

Then using these relationships we obtain
A= 5 2=2) =00~ 2)oLus] exp [idi(z—2)]

_ _C_'A_%(W) [(AI—AZ)Jo(f)—iAs (_ %)m Jl(f)]}

(A13)
and

A(—x'; z—z’)=0(z—z'){5[ 1] exp [id(z—2)]
Ca exp (ip) . L\
T o [(Az—Al)Jo(f)—lAs (— E) J1(f)]}
(A14)

where the Dirac delta functions are a result of having
to differentiate the characteristic functions, while J,
is a result of having to differentiate J,.
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The Joint Probability Distribution of Structure Factors: The First-Order Term
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The first-order term of the joint probability distribution of Ey sx, ..., En+1 forhy,..

., h, fixed and k

variable, is derived for both space groups PT and P1. It appears that the first-order term affects the
most probable values for the moduli of the structure factors, but that it has no influence on the most

probable values for the phases.

Introduction

The main term of the joint probability distribution of
an arbitrary number of structure factors has been
obtained from the central-limit theorem (Tsoucaris,
1970). From this distribution, formulae for the most

probable values of structure factors have been derived
(Tsoucaris, 1970; de Rango, Tsoucaris & Zelwer,
1974). The present paper deals with the first-order
term of this distribution. To calculate this term use is
made of Hauptman’s (1971) method for the derivation
of the joint probability distributions of two and three
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structure factors. The influence of the first-order term
on the most probable values for the structure factors
is discussed.

Joint probabilities

We shall derive the main term and first-order term of
the joint probability distribution P(Xj,...,X,) of
Ey sw> -, En3,y, where hy,...h, are fixed recip-
rocal-lattice vectors and Kk is a variable one.

For space group PT the expressions for the nor-
malized structure factor E, and the unitary structure
factor U, are

Nj/2
Ey= 3 - 1/2 cos 2zh . 1, €))
sio
and
N2 57
Up= > —2Lcos2rh.r,, ®)
j=1 01

where N is the number of atoms in the unit cell, Z; is
the number of electrons of atom j and

N
WA 3)
j=1

By pi¢,,....¢n) we denote the joint probability
distribution of

cos 2n(h,, +Kk) . r;

1/2

2Z 2Z;
?,jcos 2n(h, +K) . 1j,. . .,

The characteristic  function
pi(&s, ..., &) is defined by

qj(xh . -’xm) Of

qi(Xgs .oy Xm)= Sm e Sw exp [i % x;&]
—o0 — 00 i=1
2CEm) A&y . dSm . (4)

Ifpy,.. .-,pN,z are assumed to be independent, the char-
acteristic function Q(xi,...,x,) of P(Xi,...,X,)
equals the product of the g,’s (see e.g. Cramér, 1971),

XpiSis - - -

N2

Xm)=TI q;(xy, ..

Jj=1

O(xy, . .., o3 Xm) - ©)

First we derive an expression for O(xy,...,x.). The

next step is the calculation of P(X,...,X,),

l (o] -] m
PX,...,X,,,=—S S exp[—1i Xix
Koo X)= o\ oo\ el 3 Xax)
X O(Xg, <o oy Xp) dxy. . dx, . (6)
Formula (4) can be written as
qi(X1s oo oy Xp)

2Z, m
= <exp [i 5% > x; cos 2n(h;+k). rj]>k NG
_ 02" =1
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The sum of the cosines in (7) is replaced by one cosine,
analogous to Hauptman’s calculations for the cases
m=2and m=3,

m

>, x; cos 2n(h; +k) . r;=A; cos (2nk . 1;+¢;), (8)

where

A;=( 2 > xixicos2nh;, —h,) . 1)V2,  (9)
0=1 =1
cos g;=Aj " > x; cos 2nh; . 1; (10)
i
and

A7t > x;sin 2zh; . x;

i=1

sin g;=

(11

Next, the exponential form is expanded into Bessel
functions, using (Watson, 1966, p. 22)

exp‘(iz cos O)=Jy(z)+2 2 i"J(z) cos nd .

(12)
n=1
After averaging, the resulting expression for
q;(xy, . . ., X,,) becomes
2Z;
qj(xb L ,xm) JO ( 1/2 A ) (13)

where it is assumed that there are no atoms which have
three rational coordinates. Next, for Q(x,, . . .,x,) we
obtain

O(xy, . .
{exp - —17 Nzn VAV }{

(Hauptman, 1971).
For the exponential we calculate

ne ooz,
o= I JO( o A)

e 2 248} a9

1 N/2 m m
exp — a—jzl Z3iAi=exp — [Z z X Xi,

ij=1i3=1

N/2 2
Z —’cos 2n(h;, —hy,) . r,] =exp —ix'Ux, (15)

in which x is a column vector with components
X5+« -»Xm X' is the corresponding row vector and U
is a Karle-Hauptman matrix (Karle & Hauptman,

1950). Its components are
U, i1 = (16)

where U3, is a unitary structure factor of the squared
structure,

S
Uhix-hxz ’

N2 2
< cos2rh . r;.

1mn
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For structures consisting of equal atoms U§, = Uj,,. The
expression between the second pair of braces in (14)
can be written as

1 N/2

m m
4 44
ZZ Aj=1-% Z Z i1igizigXi X X3 %1,
11=1 =
(18)
where
O4
N1152i3i4 2072 D2 (Uhx1—h12+h:3 h14+Uhu hjz— h:3+h14)
(19)

U{ is a unitary structure factor of the structure to the

fourth power,
N/2 4
U= > —Lcos2zh.r;.
j=1 04

(20)

For structures consisting of equal atoms U{ = U, and

o4/o3=1/N. The most important N, ;,.,;, are
Ni111i2i2=0'4/‘7% (21)
and
Nlllzlllz_'Nlllzlzl'l 2‘05_2(1 + U{h,'l—lhiz)
2
a. . .
X E;%‘ , h#FD. (22)

Neglecting the other Ny;,;.;,, the characteristic func-
tion of P(X, ..., X,

n) can be written as
Q(xh ..

.y xm) < {exp - %X’UX}

fi-gr @ 3 3 i

i1=1ip=1

- > x1)}. 23)
i=1
Next we use (6). The calculation of the integral

involves a transformation of variables x=Cy (see
Cramér, 1971, p. 119) such that C'UC is the diagonal

m
matrix formed by the eigenvalues of U. For > xi,

i=1
between the second pair of braces in (23), we use the
approximation x;=y;. In fact this means that for the
calculation of the first-order term in P(X,...,Xn)
(order: o,/0%) we assume small off-diagonal elements
in the Karle-Hauptman matrix. This assumption is
also taken into account after the evaluation of the
integral. The following result is obtained,

1
P(Xys s Xn) & Qry2yirt {exp
0'4 m 2 m .
“11™ a2 [2( 2 X- 2 X
2 i=1 i=1

—(4m+2) > X%+2m2+m”,
i=1

—1X'U~'X}

(24)

in which U and U~! are the determinant and the in-
verse of U respectively, X is a column vector with
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components X, ...,
row vector.
For space group P1, where

X, and X' is the corresponding

N
Z 1/2 exp 2nih . r; (29)
and -
N Z;
Un= > —Lexp2nih.r,, (26)
Jj=1 01
analogous calculations lead to
1
~ __ _YXtyr—-i
PX,, ... . X)= iy {exp —X'U~'X}
04 < 2\2 < 4
< f1- 2 203 - S
=1 =1
—am S [Xi|2+2m2]}. @7)
i=1

In this formula X' denotes the complex conjugate of
X'. The components of U are given by (16), now with

N ZZ
U= > —Lexp2nih.r;. (28)
j=1 02

Again, for equal-atom structures U§ = Uy,

The main terms in (24) and (27) have been found
by Tsoucaris (1970). P(X;,X;) and P(Xi, X,, Xs), both
for structures consisting of equal atoms, have been
derived by Hauptman & Karle (1958) for space group
PT1 and by Hauptman (1971) for P1. For unequal
atoms and space group PI1, the joint probability
distribution P(X;,X,) has been obtained by Heiner-
man, Krabbendam & Kroon (1975). (24) and (27) are
in agreement with those results.

The most probable set of values for the Ep, ;\’s is
the one for which P(X},...,X,,) is as large as possible.
The first-order term does not depend on the phases
(signs) of the X,’s. This implies that the first-order
term does not affect the most probable values for the
phases (signs) of the Ey ..’s. It only affects the most
probable values for the | En,+xl’s, especially if mis of the
order o3/o, ( N for equal -atom structures). It follows
that the maximum-determinant rule for phase determi-
nation (Tsoucaris, 1970), which is based on the main
terms of (24) and (27), remains valid when the first-
order term is included. However, it must be emphasized
that the fact that the first-order term has no influence
on the most probable values for the phases does not
imply that the same holds for the second and higher-
order terms.

Conditional probabilities

After bringing the first-order terms in (24) and (27) in-
to the exponent (Karle, 1972) we obtain for space
group P1
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P(X,, .. —1X'U"X

1
M)"’ (2 )m/2U1/2 exp

RS XY 5 X
2 i=1 i=1

—(@m+2) z X%+zm2+m]}, 29)
and for Pl -
P(Xy, ..., X% "}U exp{ XU-iX
o O oty
—dm i |Xi|2+2m2]} . (30)
Denote E},,,x by E,. For given values of Ey, ..., E,_,,

Egiyy .. E the most probable value for E, (denoted
by E,) is that value of X, for which P(El, By,
XpEpvr, .., Ep)is as large as possible. Following the
same procedure as Tsoucaris (1970) and de Rango,
Tsoucaris & Zelwer (1974) the following formulae are
obtained.

Space group PT

Z UE

Ev——— '*" 31)
U+ a_: [ Z (E§—1)+%(E§—3)]
F
Neglecting 3(E%—3) in the denominator we get
2 U'E;
Fx — i . (32)
qql'*' 2 (E-" 1)
i#q

Except for the first-order term, formula (32) is the
same as the result obtained by Tsoucaris and de Rango
et al. The probability distribution of E,, given the
other E’s, is

P(quEl, By L Eyys .. L E)
v L (K—E)
~ (Zﬂ)llqu €Xp 20,2 P (33)
where E is given by (32) and
—[qu1+ (E3-D]*. (34)
2: 1

i#q

Note that in contrast with the result of Tsoucaris and
de Rango et al., who found o2=(Ug")~!, our expres-
sion for the variance depends on the |E;|’s. As the
|E;|’s become larger the variance becomes smaller.
This is in agreement with the fact that large |E;|’s give
more information than small ones. From (33) we find
for the probability that E,E, is positive
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P(E,E,>0|Ey, . . ., Eq_1,|Eql Equrs - - s En)

~3+34 tanh % , (35)
in which
2 _
A== lEqqu . (36)
O'q

From (32) and (34) it follows that 4, does not depend
on the first-order term.

Space group Pl

> UR'E;
e e
qq‘+ [Z(IE|2—1)+1(IE«I2 2)]
i#q

(37

Neglecting 4(]E,|>—2) in the denominator of (37) we
obtain (32) with the E? replaced by |E;|%. The proba-
bility distribution of E,, given the other E’s, is

P(XqIEla v °3Eq—1aEq+1a . ~aEm)
~ l |X‘1_E_‘1|2
R ol exp oz (38)

E, and o? are given by (32) and (34) respectively, where
in both formulae the E?% are replaced by |E;{%. From
(38) we obtain the probability distribution of the
phase ¢, of E,,

P(¢q|E1a A '7Eq—1a|Eq|aEq+1’ . ,Em)
~ SXp [Aq cos (¢q_¢q)]

~ 2nly(A4,) ’

(39

where 4, is given by (36) and ¢, is the phase of E.

The ﬁrst-order term has influence on |E|| and
P(X|Ey, .. .,E;—1,Eqyy, - . -, Ep), especially if the | Ey|’s
are large, but it has no inﬂuence on the phase (sign)
and the phase (sign) probability.

The author thanks Drs H. Krabbendam and J.
Kroon and Professor A. F. Peerdeman for stimulating
discussions and critical reading of the manuscript.

References

Cramir, H. (1971). Mathematical Methods of Statistics.
Princeton Univ. Press.

HauptMmaN, H. (1971). Z. Kristallogr. 134, 28-43.

HauptMAN, H. & KARLE, J. (1958). Acta Cryst. 11, 149-157.

HEINERMAN, J. J. L., KrRABBENDAM, H. & KRrOON, J. (1975).
Acta Cryst. A31, 731-737.

KARLE, J. (1972). Acta Cryst. B28, 3362-3369.

KARLE, J. & HauptMAN, H. (1950). Acta Cryst. 3, 181-187.

RANGoO, C. DE, Tsoucaris, G. & ZELWER, CH. (1974). Acta
Cryst. A30, 342-353.

Tsoucaris, G. (1970). Acta Cryst. A26, 492-499.

WATSON, G. N. (1966). A Treatise on the Theory of Bessel
Functions. Cambridge Univ. Press.



